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Elastoplast ic  problems for an infinite per fora ted  plane possess ing  a square grid of c i rcu la r  
holes are  examined. It is a s sumed  that the le vel of s t r e s ses  and the grid spacing a re  such 
that the c i rcu la r  holes envelop the corresponding plastic zone, though neighboring plastic 
regions are  not connected. The elastoplast ic  problem for a t r iangular  grid has been p r e -  
viously examined [1] under the assumption that the mat te r  in the elast ic and plast ic regions 
is homogeneous.  

Suppose we have a doubly periodic orthogonal grid with c i rcu la r  holes with radius R(R < 1) and cen- 
ters  at the points 

Pmn = m o l  + no2 (m, n = 0 ,  _+1, ! 2  . . . .  ) 
o~, = 2 ,  ~2 = 2 i  

We denote the c i rcumference  of a hole with center  at Pmn by Lmn,  the corresponding elastoplast ic  
boundary by Fmn , and the exter ior  of the c i rcumferences  Fmn by Dz. 

Boundary conditions on the c i rcumference  of the holes Lmn have the form 

~,, = --  P, T,.e = 0 ('1) 

We will a ssume that the s t ress  field in the plastic zone has the form 

A 
6,, = r---- T ~- B ( i  -~- 2 In r) + 2C, 

z ~ = - - ~ + B ( 3 - { - 2 1 n r )  4-2C, T,.o=0 (2) 
where A, B, and C are  given constants.  

The ax isymmetr ica l  s t r e ss  field (2), which satisfies balance equations, is charac te r i zed  by the fact 
that the constants corresponding to it allow par t icular  plasticity conditions to be satisfied (cf. below) which 
take into account plast ic inhomogeneity, ice., the dependence of the yield l imit  on coordinate r and on the 
principle s t r e s se s  o~ 0 and crr. At the same time, a previous method [1] for such a s t ress  field, which com-  
bined a method of solving a doubly periodic elastic problem [2] with a method proposed in [3~ for solving 
problems ar is ing in elast ici ty and plast ici ty theory,  given an unknown boundary with the identical holes, 
admits  of an effective solution of the elastoplast ic  problem.  

All these s t r e s s e s  a re  continuous on the unknown c i rcumference  Fmn which divides the elastic and 
plast ic regions.  Using Eq. (2) and the K o l o s o v -  Muskhelishvili relation [4] we obtain conditions on the 
c i rcumference  F00 

t 1 
Re �9 (z) = ~ BIn z~ + (B + C), ~cp' (z) + ~F (z) = B ~z z -~ (3) 

We pass to a pa ramet r i c  plane ~ by means of the t ransformat ion z = w(~). The analytic function z = 
w([) ca r r i e s  out a conformal mapping of the region Dz onto D~ in the plane ~, which is the ex ter ior  of the 
c i rc les  "/nan of radius X with centers  at the points Pron. 
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To d e t e r m i n e  the t h r ee  ana ly t i c  funct ions (~v(t) = r [co(~)], r (t) = ~ [co(I)], and co(D)we obtain  a n o n -  
l i n e a r  b o u n d a r y - v a l u e  p rob l e m  on ~00 

Re (p (~) = B + C + + Bin co (~) ~((~) (4) 

._o, (;) 9 '  ,5 (;) A 
g~ (~ (;) + ,  (~) = B. co (;) [co (;)]~ (5) 

We find by so lv ing  the Di r i ch le t  boundary  value p rob l em (4) that  the r eg ion  D~ is c h a r a c t e r i z e d  by 

(;) = B + c + + B ~n + (;) - -7 "B' ~n-z ~ (6) 

The boundary  condi t ion (5) can  be t r a n s f o r m e d  by taking into accoun t  Eq. (6), to the fo rm 

~ (~) cos co,(~) cos (~),  (~)= ___~__ (~) - -  ACO' (~) (7) 

The r e q u i r e d  funct ions  wil l  be found in the  f o r m  of s e r i e s  [1, 2] 
co 

~+~ ~;(2~) (~) 
9 (~) = % + .~ ~ + s  ~=o (2~ + t)! (8) 

co co 
),sk+~Q(Sk+l) (~) 

L~+sT(s~) (~) ~' cqg+s (9) 
k=9 k=~ 

(0(~) = ~ + ~ As~+~ (2--V~ 1~ (10) 
k ~  ' " 

where T(~ is the Weierstrass elliptic function and Q (~) a special meromorphie function, defined by 

": (~) = -V + (~ - ?m~} ~ 

(m, n = 0, + l ,  ~ 2  . . . .  ) 

,] 
s 

Pmn Pm. 1 
p3mn 2 P rr, n 

L e t  us p r e s e n t  the dependences  which the coef f ic ien ts  of the r e p r e s e n t a t i o n s  (8)-(10) m u s t  sa t i s fy .  
If the p r inc ipa l  v e c t o r  d e s c r i b i n g  the f o r c e s  ac t ing  on an  a r c  joining two congruen t  points  in D~is  se t  equal 
to z e r o ,  we have 

2 ao = -g-X ~o., 9o = 0 (11) 

S y m m e t r y  condi t ions  on as  squa re  g r id  lead to the r e l a t ions  

~,h =A~h+s = 0  w h e n k  = 0 ,  1 . . . .  (12) 

To compi le  the  funct ion f o r  the r e m a i n i n g  coef f ic ien t s  of Eqs .  (8)-(10) fo r  the funct ions  ~( t ) ,  r and 
co(~), we d e c o m p o s e  these  funct ions in a L a u r e n t  s e r i e s  in the ne ighborhood  of the point [ = 0, that  is 

co co co 

s (§ 
k=l j=O 

oo co co co co 

k = 0  k = 0  j = 0  k = 0  j = 0  

o o  A co co 

(2/+ 2k + t)! gi+~+l 1 (15) 
ri'~ ~ (2/')! (2k + l)i 2 s:+s~+s ' g3 = E '  ' Ts ]'" 

17t, *z 

$i, ~ ~--- (2/" +2k + 2)! Pi+~+l T Pm~ 
(2/')! (2k + t)! 223+s~+s ' PJ ----- ~ '  ~ T - -  m,n TsJ+I ' -~- 2 

Subst i tut ing f o r  ~P(~), r and co(~) t he i r  decompos i t i ons  in L a u r e n t  s e r i e s  in the boundary  condi t ions  
(4) and (7) on the c i r c u m f e r e n c e  ~00 ( ~= )~ei0) and c o m p a r i n g  coef f ic ien ts  in e i4k0 (k = 0, 1, 2 . . . .  ), we 
obtain an infinite s y s t e m  of non l inea r  a l g e b r a i c  equa t ions  in a,~ k, fi4k+2, and Alk [condit ion (4) was  f i r s t  
d i f fe ren t i a t ed  with r e s p e c t  to 0]. The equat ions  of  the f i r s t  app rox ima t ion  a r e  
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A a 
Xc~ q- Yc2 -q- Zcz ~ B (at1 q- c~b -~ czc4) .L~ 

Xcz  + Y c l  = B (bcl + ac3) - -  AA4 

Xc2 -b Zci  = B (clc, + acz) - -  AA4r2,1% 6, a ! (~t -4- LSr2,1) d = - -  Bdl  

X = a[3~ + A47 o + A4~6LSr~, 1, Y = a~6,q- A1~2 
Z = a7o ~ A~T1 q- Al~zLSr~, i, a = i "4- A~ l ro ,  1 (16) 
C l  ----- a S  - -  2"44~LSr2 ' l  2 8 15 ' c~=- - f f - aA t~  r2,1 

2 t + 
c~ = - -  T aAl '  c4 = - -  ~ A4, b = Al~.Sr~,l 

7J = ~3zrzj+l, o L4j+l + ~Gr2j+x, 2 ~aJ+s _ 411S2y+1 ' a LIJ+~ (] = 0, ~) 

We subs t i tu te  Eqs .  (8) and (10) in the boundary  condit ion (4), mul t ip ly  the resu l t ing  e x p r e s s i o n  by 1/ 
2 ~ [ ,  and in t eg ra te  a long the c i r c u l a r  c i r c u m f e r e n c e  3'00 in o r d e r  to obtain re la t ions  that  connect  the p a r a -  
m e t e r  X to the appl ied load p. 

As  a r e su l t  we obtain [4] 
e~ co 

a o q  $ a ~ k ~ l ~ r o , ~ - l = B + C + B l n Z , [ l  + ~,  Alk~l~ro,~-l]  (17) 

The  boundary  condi t ions  on the c i r c u m f e r e n c e  of the hole L m n  (~) and the flow" condit ions de t e rmine  
A, B, and C. 

Le t  us c o n s i d e r  c e r t a i n  p a r t i c u l a r  cases~  

T r e s k - S t .  Venant  o r  G u b e r - M i s e s  P l a s t i c i t y  Condi t ions .  Suppose we have ]~r 0 -  (r r]  = 2K (K is the 
p Ias t i c i ty  constant)  in the p las t i c  zone.  

In this  ca se  we have,  in a c c o r d a n c e  with Eqs .  (1) and (2), 

A = 0 ,  B = e K ,  C = - -  'p ~/~" ( l - ~ 2 I n R )  "(18) 2 2 

Here ,  e = _+ 1 is taken f r o m  phys ica l  concep t s .  

The  r e su l t s  of a ca lcu la t ion  in the f i r s t  two app rox ima t ions  a r e  given in Tattle 1. 

F i g u r e  1 depic ts  dependences  (solid l ines)  of  the  p a r a m e t e r  ~ on the magni tude  of the appl ied Ioad 
p /K  fo r  c e r t a i n  va lues  of the hole rad ius  R = 0.5, 0.4, 0.3, 0.2, and 0.1 (curves  1-5).  

Nonhomogeneous ly  p las t ic  m a t e r i a l .  Suppose that  the p las t i c i ty  condit ion now has the fo rm [5] 

z o - - z , . = 2 [ K o ~ K ~ ( ~ )  z] (19) 

He re ,  K 0 and K 1 a r e  the m a t e r i a l  cons tan t s .  

This  p las t i c i ty  condi t ion can be c o n s i d e r e d  as an o r d i n a r y  T r e s k -  St. Venant  condi t ion with y ie ld  
l imi t  depending on the r ad ius .  In this  case ,  we have,  in a c c o r d a n c e  with Eqs .  (1) and (2), 

/ 
A = - -  K ~ R  ~, B = K o ,  C = - r s - ( K ~ - - K o - - p - - 2 K o l n T I )  (20) 

Resul t s  of a ca lcu la t ion  to a second  app rox ima t ion  a r e  given in Table  2 fo r  values  of the  nonhorno-  
genei ty  p a r a m e t e r s  (K1R2/K0) of 0.09 and -0 .045.  

The dependences  o f ~ o n  the magni tude  of the load p/K0 f o r  R = 0.3 a r e  depic ted  in F ig .  1 by cu rves  6 
and 7 f o r  c o m p a r i s o n  fo r  the values  of K1/K 0 (the nonhomogenei ty  p a r a m e t e r s )  of I and -0.5,  r e spec t i ve ly .  

Exponent ia l  Yield Condit ion.  Suppose the p las t i c i ty  condit ion has the f o r m  

[ (o0 ~ r - - z ~ = 2 K  t - - e x p  - - W  ~- (21) 

Here  K > 0, and a0 > 0 a r e  the m a t e r i a l  cons tan t s ,  which  a r e  of the s a m e  d imens ions  as  the s t r e s s e s .  

This  y ie ld  condit ion d e s c r i b e s  the l imi t ing  s ta te  of ce r t a in  rocks  [6]. In this case  we have,  in 
a c c o r d a n c e  with Eqs .  (1) and (2), 

60 A = - -  K e ~ t - ~ R  ~, B = - -  K ,  C = -~- - -  K in tR -~ (22) 
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T A B L E  1 

) . 1 o , 2 1 o . 8  I 0,4 I 0.5 0.6 

aLK Bs/K 
A4 

a,t/K 

~I~ 
B6/K 
Blo/K 

A,~ 
As 

a4/K 
a s / K  

5.0000 
, 0.0028 
--0.0028 

0.0009 

1.0000 
0.0028 
0 

--0.0028 
0 
0.0009 
0 

First approximation 

5.0000 t.  0006 1.0026 
0.0142 0.0425 0.0878 

--0. O142 --0.0424 --0.0876 
0.0047 0.054i 0.0295 

Second approximation 
5.0000 t.0006 t.0026 
0.0t42 0.0425 0.0879 
0.0003 0.0022 0.0083 

--0.0142 --0.0424 --0.0876 
0 --0.0004 --0.0006 
0.0047 0.0i4t 0.0295 
0 0.0002 0.0003 

5.0059 
0.5298 

--0.5289 
0.0424 

t.0059 
0.1299 
0.0084 

--0.1294 
0.0085 
0.0425 

--0.0036 

0.7 

t.0431 
0.2671 

--0.2634 
0.0956 

1.0634 
0.2423 
0.0147 

--0.2357 
0.0208 
0.1236 

--0.0107 

T A B L E  2 

0.3 0.4 0.5 , 0.6 O.q k 0.2 

~/.K o 3.25 
i~e,/.t(o 0.0009 

%0.0092 
o.oo31 

B o / I Q  --00.0005 

BIO/g:0A 4 00 .0003 [_o.ooot 

2.0004 
0.017 
0.0007 

--0.0284 
--0.000t 

0.0095 
0 
0.5 
0.0085 
0 

--0.007t 
0 
0.0024 
0 

t.5654 
0.0515 
0.0044 

--0.0663 
--0.0006 

0.022i 
0.0002 
0.7i89 
0.0339 
0.00t2 

--0.0305 
--0.0003 

0.0102 
0.0001 

t.3664 
0.1028 
0.0i34 

--0.Jt92 
--0.0008 

0.0396 
0.0003 
0.8213 
0.0771 
0.006 

--0.07t7 
--0.0005 

0.0238 
0.0002 

1.2625 
0.1472 
0.0t0i 

--0.i622 
--0.0t09 

0.0532 
--0.0046 

0.8785 
0. i l9  
0.007 

--0. t t3 
0.0073 
0.0371 

--0.003i 

t.i957 
0.2847 
0.0i9i 

--0.2901 
0.0207 
0.i471 

--0.0i27 
0.9147 
0.2213 
0.0132 

--0.2t49 
0.0i67 
0.1138 

--0.0093 

. 2 

y.j r  

/ 

/ 

p/x 
Z,5" 4 g  

F i g .  1 

w h e r e  t i s  a c o n s t a n t  and  r o o t  of t he  e q u a t i o n  
60 

A = - -  K e " ~ t - 2 R  ~, B = - -  K ,  C = ~ - -  K l n  t R  - i  

M o r e  G e n e r a l  Y i e l d  C o n d i t i o n s .  S u p p o s e  the  f o l l o w i n g  y i e l d  

c o n d i t i o n s  h o l d  in the  p l a s t i c  z o n e  [7] 

o r  

K - 1 ( %  + p ) - - I  = e - 2 t  -~ 4-  21nt ( t > e  -1) (23) 

aT - -  a0 = 2 [K 4- -~- - -  K exp - -  - -  4- 2K ]J  (24) 

In t h i s  c a s e ,  t h e  c o n s t a n t s  A,  B,  and  C w i l l  h a v e  the  f o l l o w i n g  

v a l u e s ,  in  a c c o r d a n c e  w i t h  E q s .  (1) a n d  (2): 

F o r  c o n d i t i o n  (23) 

[ b g ( z o  % + % , ]  
a t - - a 0 = 2  K-~ r. ~ r exp - - - K ' - 4 - ~ ) J  

w h e r e  t i s  a c o n s t a n t  a n d  r o o t  of  t h e  e q u a t i o n  

60 
A = b - -  K e - 2 t - 2 B ~ ,  B = - -  K ,  C ---- - ~  - -  K i n  t R  - i  

F o r  c o n d i t i o n  (24) 

( ~ K - i  % 4 - p 4 - - ~ "  - - l = e - ~ t  - ~ 4 - 2 1 n t  ( t > e  -1) 

w h e r e  t i s  a c o n s t a n t  a n d  r o o t  of  t h e  e q u a t i o n  

-4. = b - -  K e - l t - ~ B  ~, B = - -  K ,  C = %  4-  K l n  ( t - ~ B  2) 

S e t t i n g  ~ = Xe i0 An E q ,  (15) w e  o b t a i n  t he  e l a s t o p l a s t i c  e q u a t i o n  of  t h e  b o u n d a r y  

(25) 

(26) 

( b) K - i  2 % 4 - p 4 - ~ -  - - i + 2 1 n R ~ 4 1 n t - ~ e - l t  -~ ( t > e  -1) 
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r = 1 co (;~e ~~ I = f (0)  
To a f i rs t  approximation,  

r ~ = )~ (d -- 2dlcos40) (27) 

where  
c o  

rmax = ~, I -[- A4 - -  - ~ -  + ~ 
]J (28) 

c o  

t)} r21,1 
�9 j=~ 4 / +  t ( 2 9 )  

The leas t  load at which the hole c i rcumference  ent i re ly  encompases the plast ic zone is determined 
from the condition rmi  n -> R. Equation (28) fo r  rma X -< 1 allows the g rea tes t  load at which the plast ic  zones 
a re  tangent to each other ,  to be found. 

The author  wishes to thank L. A. Galin fo r  discussion of the study. 
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